In this study, we extend the result on classification of a subclass of filiform Leibniz algebras in low dimensions to dimensions seven and eight based on the technique used by Rakhimov and Bekbaev for classification of subclasses which arise from naturally graded non-Lie filiform Leibniz algebras. The subclass considered here arises from naturally graded filiform Lie algebras. This subclass contains the class of filiform Lie algebras and consequently, by classifying this subclass, we again re-examine the classification of filiform Lie algebras. Our resulting list of filifom Lie algebras is compared with that given by Ancochéa-Bermudez and Goze in 1988 and by Gómez, Jimenez-Merchan and Khakimdjanov in 1998.
Introduction
The concept of Leibniz algebra was introduced by Loday [9] in the study of Leibniz (co)homology as a noncommutative analogue of Lie algebras (co)homology. A Leibniz algebra over a field K is a vector space over K equipped with a K-bilinear map [ , for all x, y, z ∈ L. Clearly, a Lie algebra is a Leibniz algebra, and conversely, a Leibniz algebra L over the field K (charK = 2) with property [x, y] = −[y, x], for all x, y ∈ L is a Lie algebra. Any Leibniz algebra L gives rise to a Lie algebra L Lie , which is obtained as the quotient of L by the relation [x, x] = 0. Let I be the ideal of L generated by all squares. Then I is the minimal ideal with respect to the property that g := L/I is a Lie algebra. The quotient map π : L −→ g is a homomorphism of Leibniz algebras.
The term filiform Lie algebra was introduced by M. Vergne [15] while studying the variety of nilpotent Lie algebras laws through which she intended to give a classification of nilpotent complex Lie algebras in dimension less than six (see also [7] ). The class of filiform Leibniz algebras in dimension n have been split into three disjoint subclasses [6, 14] . In [14] , the subclasses have been denoted by F Lb n , SLb n and T Lb n for the first, second and third classes respectively.
The first and second classes which arise from naturally graded non-Lie filiform Leibniz algebra have been classified up to dimension n ≤ 9, [5, 11] and the references therein.
The present paper is concerned with a subclass of filiform Leibniz algebras. This subclass arises from naturally graded filiform Lie algebras. In dimension n, it has been denoted by T Lb n and treated before in [10, 12, 13] . In case of T Lb n , the ideal I generated by squares coincides with the right center of the Leibniz algebras since we are considering right Leibniz algebras. On the contrary, the left center is only a subalgebra in the context of right Leibniz algebras. Therefore, derived algebras are one-dimensional Leibniz central extensions of the Lie algebra L Lie . The aim of this paper is to give complete lists of isomorphism classes of one-dimensional Leibniz central extensions of filiform Lie algebras of dimensions 6 and 7. As for the lower dimensions they either have been treated before [12] or have been included in the list of nilpotent Leibniz algebras [1] , [2] . Another motivation to study T Lb n comes out from the fact that it contains the class of all n-dimensional filiform Lie algebras. Classifying T Lb n , we once again examine thoroughly and recover the lists of low-dimensional filiform Lie algebras given in [3, 7] .
Organization of this paper is as follows. Section 2 is devoted to providing necessary results needed throughout the study. In the third and fourth sections, complete classification of T Lb 7 is given with the proof of some propositions that are stated therein. Section 5 and 6 are devoted to list the isomorphism classes of T Lb 8 . We describe the orbits of the base change for single orbits and for union of parametric family of orbits cases. In parametric cases, invariant functions are given to distinguish the orbits. Necessary conclusions drawn from this study form the contents of Section 7.
Preliminaries
In this section we give some facts on Leibniz algebras that will be used throughout the paper.
Definition 2.1. An algebra L over a field K is called a Leibniz algebra, if its bilinear operation λ(·, ·) satisfies the following Leibniz identity:
λ(x, λ(y, z)) = λ(λ(x, y), z) − λ(λ(x, z), y), f or x, y, z ∈ L.
(1)
A Leibniz algebra structure on n-dimensional vector space V over a field K can be regarded as a pair L = (V, λ), where λ is a Leibniz algebra law on V . We denote by LB n the set of all Leibniz algebra laws on V . It is a subspace of the linear space of Hom(V ⊗ V, V ).
2. An action of a group G on a set X is a function * : G × X → X that satisfies the following conditions;
1. e * x = x, f or all x ∈ X, where e is the identity element of G.
2. g * (h * x)) = (gh) * x, for all g, h ∈ G and x ∈ X.
The above group action is a morphism of algebraic variety when G and X are substituted for algebraic group and algebraic variety respectively. In what follows, we define (g, λ) → g * λ Definition 2.3. Two laws λ 1 and λ 2 from LB n are said to be isomorphic, if there exists g ∈ GL(V ) such that
for all x, y ∈ V .
Thus we get an action of GL n (K) on LB n . Let O(λ) be the set of the laws isomorphic to λ, it is called the orbit of λ. Let us fix a basis {e 1 , e 2 , e 3 , ..., e n } of V. The structure constants, γ k ij ∈ K, of λ ∈ LB n are given by
Once a basis is fixed, we can identify the law λ with its structure constants. These constants are the structure constants of a Leibniz algebra if and only if:
Then LB n appears as a subvariety of the algebraic variety, Alg n (K), of all algebraic structures on V . Let λ ∈ LB n and G λ be the subgroup of GL n (K) defined by G λ = {g ∈ GL n (K) | g * λ = λ}. The orbit O(λ) of λ with respect to the action of GL n (K) is isomorphic to the homogeneous space GL n (K)/G λ . 
In the foregoing, all algebras are assumed to be over the fields of complex numbers C, and the bracket notation is used to describe the law:
Let L be a Leibniz algebra. Define
Clearly,
Definition 2.6. A Leibniz algebra L is said to be a filiform, if dimL i = n − i, where n = dimL and 2 ≤ i ≤ n.
According to [2, 10] the class of (n + 1)-dimensional filiform Leibniz algebras arising from naturally graded filiform Lie algebras, denoted by T Lb n+1 , admits a so-called adapted basis {e 0 , e 1 , ..., e n } such that the table of multiplication with respect to the basis has the following form:
where a k ij , b ij ∈ C, and b i,n−i = 0, 1 ≤ i ≤ n − 1, f or even n.
(4)
In the table (4), there are interrelations among a k ij , b ij that are different in each fixed dimension as evident in the dimensions considered here.
The class T Lb n+1 can be regarded as follows. Let µ n be the n-dimensional Lie algebra defined by the brackets: [e i , e 0 ] = e i+1 , i = 1, 2, ..., n − 2 and {e 0 , e 1 , ..., e n−1 } be a basis of µ n . Clearly, µ n is a filiform Lie algebra. Moreover, any n-dimensional filiform Lie algebra is isomorphic to a linear deformation of µ n (see [7] ). More precisely, let ∆ be the set of all pairs of integers (k, r) such that 1 ≤ k ≤ n−2 2
, 2k + 1 < r ≤ n − 1, (if n is odd then ∆ contains also the pair n−2 2 , n − 1 ). For any elements (k, r) ∈ ∆, one can associate the 2-cocycle, Ψ k,r for the Chevalley cohomology of µ n with coefficients in the adjoint module defined by Ψ k,r (e i , e j ) = −Ψ k,r (e j , e i ) = (−1)
Any n-dimensional filiform Lie algebra law µ in the variety of filiform Lie algebras laws is isomorphic to µ n + Ψ, where Ψ is a 2-cocycle defined by
and verifying the relation Ψ • Ψ = 0 with
In this situation, we consider another cocycle which is Leibniz 2-cocycle, Ψ satisfying the relation,
One-dimensional Leibniz central extension of linear deformation of the Lie algebra µ n has been denoted by Ced(µ n ) in [4] , the resulting table of multiplication has been slightly modified and is given by The subgroup of GL n+1 consisting of all adapted transformations, we denote by G ad . The following proposition proved in [12] specifies the elements of G ad .
Proposition 2.1. Let {e 0 , e 1 , ..., e n } be an adapted basis of L ∈ T Lb n+1 . and f be an adapted transformation. Then f can be represented as follows:
In G ad we specify the following transformations called elementary:
where a, b, c ∈ C.
Proposition 2.2. Let L be an algebra from T Lb n+1 , then any adapted transformation f of L can be represented as the composition:
Proof. The proof can be obtained by direct verification.
if n even, and
for odd n, do not change the structure constants of algebras from T Lb n+1 .
For the proof of Proposition 2.3 we refer the reader to [13] . The proof of the following lemma can be found easily by a simple computation. 
.
Isomorphism criterion for T Lb 7
Due to the observation in [4] as pointed out in Section 2, an algebra L from T Lb 7 is represented as a one dimensional Leibniz central extension (C(L) =< e 6 >) of the filiform Lie algebra with law µ 6 + Ψ, where Ψ is the appropriate cocycle on the adapted basis {e 0 , e 1 , ..., e 6 }, the class T Lb 7 is represented as follows: Observe that the structure constants a ij and b st in the table above are not free. The interrelations between them are defined as follows. Proof. The first and second relations occur if we apply the Leibniz identity to the triples {e 0 , e 1 , e 2 }, {e 0 , e 1 , e 3 } of the basis vectors respectively, and the last relation is a result of application of the Leibniz identity to {e 0 , e 2 , e 3 }, {e 0 , e 1 , e 4 }, and {e 1 , e 2 , e 3 }.
Further unifying the table of multiplication above we rewrite it via new notations c 00 , c 01 , c 11 , c 12 , c 13 , c 14 , c 23 for the structure constants: 
Proof. "If" part. The equations in (12), (13), (14) occur due to Lemma 2.1. Note that according to Propositions 2.2 and 2.3 the adapted transformations in T Lb 7 can be taken as follows:
where A 0 B 1 = 0 or more precisely: On comparing the coefficients of e 4 , e 5 and e 6 with the corresponding coefficients in (20) after rearrangement, we get the equalities (15) , (16) 
Isomorphism classes in T Lb 7
In this subsection, we give the list of isomorphism classes in T Lb 7 . For simplification purpose, we introduce the function χ 1 (X) = 4 x 00 x 11 − x 2 01 where X = (x 00 , x 01 , x 11 , x 12 , x 13 , x 14 , x 23 ). By denoting
, we present T Lb 7 as a union of the following subsets: U The adapted group action on T Lb 7 is induced on each of these disjoint subsets. The next proposition give isomorphism criterion for one subset from each type, that is: from infinitely many orbits case and from single orbits case, since other cases can be proved similarly. and B 2 , B 3 ∈ C.
5 Isomorphism criterion for T Lb 8
As noted in the introductory section and corroborated in Section 2, an algebra L from T Lb 8 is represented as a one dimensional Leibniz central extension (C(L) =< e 7 >) of the filiform Lie algebra with law µ 7 +Ψ, where Ψ is the appropriate cocycle on the adapted basis {e 0 , e 1 , ..., e 7 }, the class T Lb 8 is represented as follows: 
On comparing the coefficients of e 4 , e 5 , e 6 and e 7 with the corresponding coefficients in (32), we obtain the equalities (24), (25), (26) and (27) We obtain the equalities (28) and (29) by comparing the coefficients of e 6 and e 7 with the corresponding coefficients in (33) respectively. 
Isomorphism classes in T Lb 8
In this subsection we give the list of isomorphism classes in T Lb 8 . For simplification purpose, we introduce the following notations χ 2 (X) = 2 x 11 −x 01 x 34 , χ 3 (X) = x 01 −x 00 x 34 , and χ 4 (X) = x 12 x 23 +x 13 x 34 where X = (x 00 , x 01 , x 11 , x 12 , x 13 , x 14 , x 15 , x 23 , x 24 , x 34 ). Let
. We present T Lb 8 as a union of the following disjoint subsets: U The following proposition gives the isomorphism criterion only for one subset from each type, that is one from infinitely many orbits case and one from single orbits case. (χ 1 (X)) X = (x 00 , x 01 , x 11 , x 12 , x 13 , x 14 , x 23 ). 
